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The algebraic super representations of a semisimple Lie superalgebra g 
over an algebraically closed field k of char(k) = form a semisimple tensor 
category if and only if the Lie superalgebra is a product of simple classical Lie 
algebras and orthosymplectic Lie superalgebras osp(l|2m), see |DH| . For such 
Lie superalgebras g we classify all irreducible nontrivial super representations 
V whose symmetric square S 2 (V) or alternating square A 2 (V) is irreducible or 
decomposes into an irreducible and a trivial representation, a situation that 
naturally arises in [KW], |Wei| , [We^]. Obviously we may assume g to be 



simple. For the classification we make use of a list of small representations 
from |AEV| . extended to the super case. 

For a uniform treatment including the supercase g = osp(l|2m) with the 
root system BC m , the terms representation, dimension, symmetric square, 
trace etc. will always be understood in the super sense. For A m , B m , C m , BC m 
with m > 1 and for D m with m > 3, let st denote the standard representation 
of dimension m+ 1, 2m + 1, 2m, 2m — 1 and 2m respectively. With respect to 
the dominant fundamental weights fix, . . . ,fi m for g as introduced below the 
representation st has highest weight fix, respectively 2fii in the case of B x . 

In the formulation of theorem Q] we use exceptional isomorphisms. Thus the 
representation of Ax = C\ of highest weight 2/?i is the representation st of Bx, 
and the one of Bi of highest weight fix is the representation st of Ax = Cx- 
For B 2 = Ci the second fundamental representation of the one is the standard 
representation of the other, and ditto for A 3 = D 3 . 

We will assume dim(V) > since for the parity flip II of the super structure 
we have dim{U{V)) = -dim{V) and S 2 {\~l{V)) £ K 2 {V). 

Theorem 1. Suppose that V is a nontrivial irreducible representation of g 
with dim(V) > 0, and let A be its highest weight. 

a) If if> 2 (V) is irreducible, then up to duality one has V = st, and g is 
of type A m , C m or BC m . If S 2 (V) splits as a trivial plus a nontrivial 
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irreducible representation, then V = st and g is of type B m or D m , or 
up to duality one of the following cases occurs 






B 3 


D A 


E e 


G 2 


A 


Ps 




Pi 


Pi 



b) If A 2 (V) is irreducible, then up to duality one has V = st, and g is of 
type A m , B m or D m , or up to duality one of the following cases occurs 
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If A 2 (V) splits as a trivial plus a nontrivial irreducible representation, 
then V = st and g is of type C m (m > 2) or BC m , or one of the following 
cases occurs 
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Example 1. If g is of type A±, the irreducible representations of g = sl(2) 
are of the form V = S n (st) for a unique weight n G N . In this case the 
symmetric square S 2 (V) = i=o 1 ^ n / 2 \ S 2n ~ 4l (st) is irreducible for n = 1, 
irreducible up to a trivial representation for n = 2, and neither of these 
otherwise. The alternating square A 2 (V) = @ i=0 1 u n -i)/2\ S 2 ^ n ~ 1 ^~ 4t (st) is 
irreducible for n G {1, 2}, irreducible up to a trivial representation for n = 3, 
and neither of these otherwise. 

Example 2. If g is of type BCi, by |D]2| for any irreducible representation V 
of g = osp(l|2) with dim(V) > there exists a unique weight n G N such that 
the even resp. odd parts of V — V © V\, as representations of g = st(2), are 
Vo = S n (st) and V\ = 5' n_1 (st). The even part of S 2 (V), as a representation 
of sl(2), is given by 

LfJ 

(S 2 (V)) = S 2 (S n (st))®A 2 (S n -\st)) = S 2n (st) © 2-05 2n - 4i (st), 

4=1 

so S 2 (V) is irreducible for n = 1, but for n > 1 it contains at least three 
irreducible summands. Similarly 

(A 2 (V)) = A 2 (S n (st))®S 2 (S n -\st)) = 2-0 S 2 ^- 4i (st), 

i=0 

so A 2 {V) contains at least two nontrivial irreducible summands for n > 1. 
For n — 1 it is obvious that A 2 {V) splits into the trivial and a non-trivial 
irreducible representation. 

In view of the above two examples, in what follows we may and will assume 
that g is neither of type A\ nor of type BC\. 
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Some notations. There exists an invariant nondegenerate bilinear form (•, •) 
on g. Any other invariant form on g is a multiple of this one (see [ScJ p. 94 for 
the case of osp(l|2m)). Let oti, . . . , a m be a system of simple roots for g, and let 
Pi, . . . , P m denote the fundamental dominant weights given by (aY , @j) = Sij 
for aj = 2aj/(c£j,aj). Then p — Pi + ■ ■ ■ + P m is the half-sum, resp. half- 
super-sum as in |CT| in the case of osp(l|2m), of all positive roots. 

Lemma 2. For simple g ^ Ai,BCi, and with the index set I as given in 
tableUl one has 

2\p\max i€ j(\a^\) < dim(g) — 1. 

Proof. Notice that \p\ as well as the \a^\ depend on the chosen form (-, ■). 
However, the product 2 |p| max i£ j(\a^\) only depends on the root system. To 
compute it choose an isometric embedding of the dual of a Cartan algebra of g 
into Euclidean space (with standard basis ei, €2, . . .) as in [BoJ. For osp(l|2m) 
we choose a similar embedding following |CT| . p. 353f. The lemma then is an 
immediate consequence of table Q3 
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Table 1: Some numerical values depending on the type of g. Concerning the 
middle column, / := {1, 2, ... , m} in the non-super case, but in the case of 
osp(l|2m) we here only consider the even coroots. 

A list of small representations. We need to extend the classification of small 
representations in |AEV| to include the super case. Notice that in the case 
of g = BCi one has dim(K) = dim(g) = 1 for all irreducible representations V 
with dim(V) > 0. 

Lemma 3. For simple g ^ BCi one has < dim(Vx) < dim(g) iff A 
appears in tables{3, or below. 



3 



Proof. See |AEV| for the case of ordinary simple Lie algebras. For the 
case g = osp(l|2m) with m > 2 we use the Kac-Weyl superdimension formula 
as given in |CT| . Following loc. cit. p. 356, the irreducible representations 
of osp(l|2m) of nonnegative dimension are parametrized by those dominant 
weights which, with respect to the chosen embedding in Euclidean space, take 
the form A = (Ai, . . . , A m ) with Ai, . . . , A m G N and Ai > • • • > X m . Notice 
that these are not all the dominant weights but only those in which the last 
fundamental weight j3 m = (|, . . . , |) enters with even multiplicity. For such A, 
by the Kac-Weyl formula, the superdimension of the corresponding irreducible 
representation V\ is 

-mvw = n (7^^) ■ n (^T^ +i )- 

l<i<j<m J l<«<i<m 

If Ai > 2, the second product is > 2. So the classical Weyl formula applied 
to the first product shows that dim(VA) is at least twice the dimension of 
the simple s[(m)-module of highest weight A' = (Ai — A m , . . . , A m _i — A m ). 
Since dim(sl(m)) > 2 dim(osp(l|2m)), we are then reduced to A' being in the 
list for A m _i in table El But A is obtained from A' by adding a multiple 
of 2f3 m = €i + ■ ■ ■ + e m . Replacing A by A + 2f3 m in the Kac-Weyl formula 
leaves the first product unchanged but strictly increases the second one. So 
there only remain finitely many cases which are in table El 

If Ai = 1, then A = e\ + • • • + e r for some r < m. Then by Ifihl the even 
resp. odd parts of V x are A r (k 2m ) resp. A r_1 (A; 2m ), so dim(V x ) = (7) - ( r 2 ™), 
and from this one can deduce that all relevant cases are in table El 

Corollary 4. Let V be a nontrivial irreducible representation of Q with 
dim(V) > 0, and assume g 7^ Ai, BC\. Then 

dim(V) > 2, 

with equality holding only in case g = osp(l|4) and V = V ei+e2 . 

The index. Assume g to be simple. For any representation : g — >• gl(V) 
the form tr(</?(Jf) o<p(Y)) is a nondegenerate invariant form on g, hence equal 
to l(<p)-(X,Y) for a unique constant 1(f), called the index of (p. Obviously the 
index is additive under direct sums and functorial in the sense that for any 
representation ip : gl(V) — > gl(V) there exists a constant l(if),V) such that 
l(if) o ip) = l(if) } V) ■ 1(f)- If ip is the second symmetric or alternating power, 
this becomes 

l(S 2 ,V) = dim(y) + 2 and /(A 2 , V) = dim(V) - 2 . 
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To see this for ip = S 2 , write V = k r ^ s and notice ip(g,) C sl(r\s) since g 
is simple. Now r ^ s, so sl(r|s) is also simple by [Sc] p. 128. Thus it 
suffices to check for a suitable elementary matrix X = en — ejj G sl(r|s) 
that tr((S 2 (X)) 2 ) /tr(X 2 ) =r-s + 2. The case where ip = A 2 may be treated 
similarly or reduced to the case ip = S 2 by a parity flip. 

The Casimir operator acts by a scalar on any irreducible representation 
with highest weight \i. This scalar is proportional to 

c(/i) = (ji,n) + 2(/i,p) , 

as may be seen by looking at the action on a highest weight vector (this works 
for osp(l|2m) just as in the classical case; see the top of p. 28 in |Dj 2 | and 



p. 223 in |Dji| for the relevant setting). Notice c(/i) > for dominant weights 
/i ^ 0. Hence from the definition of the index we obtain for some universal 
constant k := dim(Ai) • c(Ad) ^ 0, depending only on g and on (•, •), that 

k • TO = dim(V M ) • c(ji) . 



Proof of theoremUl (the symmetric case). By assumption dim(V) > 0, so 
V = V\ is a highest weight representation for some dominant weight A. By 
corollary 0] we may also assume n := dim(Vx) > 2. Suppose that S 2 (V\) 
is irreducible or splits into a (then one-dimensional) trivial plus one further 
irreducible summand; put 5 = resp. S = 1 in these two cases. Then we claim 

(dim(V A )-25)-|A| 2 = 2(A,p). 

Since S 2 (V\) = V 2X © k 5 and hence dim(V 2 \) = n(n + l)/2 - 5, this follows 
from the equality (n + 2)l(V x ) = l(V 2X ) for l(S 2 (V x )) = l(V 2X ). Indeed, via the 
above Casimir formula for the index then (n + 2)nc(A) = (n(n+ 1)/2 — 5)c(2X), 
hence (n 2 — 45) (A, A) = 2{n + 25) (A, p). So our claim follows from n + 25 > 0. 
By the Cauchy-Schwartz inequality the claim above shows that 

IAI < 2 I"I 



dim(Vx) - 25 



which by lemma [2] implies 



^ 2\p\max i( z I (\a^\) ^ dim(g) 



\(X,a-)\ < |A|-K V | < ziLL=^ll < 



dim(V x ) - 25 dim(V x ) - 25 ' 

Since for the dominant integral weight A ^ the coefficients (A, a 4 v ) are 
integers and not all of them are zero, it follows that dim{V x ) < dim(g). Hence 
the proof of our theorem for S 2 (V) is finished by tables El [4] and El 
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Proof of theorem U\ (the alternating case). Now assume that A 2 (Va) is 
irreducible or splits into a (then one-dimensional) trivial plus one further 
irreducible summand. Again put S = resp. 5 = 1 in these two cases. Write 
A 2 (V) = W © k 5 . Then W is irreducible of dimension n(n — l)/2 — 8 > 0, 
hence we may write W = for some dominant weight /x. 

For a highest weight vector v of V\ there exists at least one simple positive 
root a = a, and X_ Q 6 $j_ a such that u> = X_ a v ^ 0, since otherwise V\ 
would be trivial. Now v A w ^ has the weight 2A — a which is non-zero 
for g Al, so v A has to come from the non-trivial summand W = V^. 

By the Poincare-Birkhoff-Witt theorem respectively its super-analogon, any 
weight of is in /x — "P, where "P is the monoid of all nonnegative integral 
linear combinations of the positive simple roots «i, .., a m . Thus 2A— a = fi—a' 
for some a 1 G V . As a weight of Va <8> V\ also /x G 2A — V, because the weights 
of V\ are in A — V . But /x ^ 2A, since 2A has multiplicity one in V\ ® V\ and 
is the highest weight of the symmetric square S 2 (V\). Hence /x = 2A — a" 
for some ^ a" G "P, and by a comparison a = a' + a". Since a is a simple 
positive root this implies a' = 0, a = a" and 

/x = 2A — a . 

Thus a = a; is the unique (!) simple root with X_ a ii ^ for X_ Q G 0_ a . 
For j 7^ ? then h a .v = [X a ., X_ a .]v = 0, so (A, a J) = 0. Hence 

A = r • A . 

On the other hand using rx > 2, a calculation similar to the one in the case of 
the symmetric square based on the relation l(V^) = /(A 2 (Va)) = (n — 2) ■ l(V\) 
and the Casimir formula, gives 

2<h ( , , . l , |2 ,x , 2 \ 



xx-l--j(Kp) + -M 2 -|A-a| 2 ) = (l - - j • c(A) , 

so that 25/n < 1 and c(A) > imply (a, p) + ||a| 2 — |A — ct| 2 > 0. For simple 
positive roots (a, p) = | o; | 2 and hence 2(a,A) — |A| 2 > 0. For A = r • /3, this 
implies 2(a, A) — |A| 2 = r(|«j| 2 — r|/5j| 2 ) > 0, so the integer r satisfies 

12 



r < r,- 



ft; 



\Pi\ 
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This only leaves the cases 1 < in table El One then checks that these are 
already listed in tables [3] to [5] below (for the case of A m , one may here by 
duality of course assume i < (m + l)/2). 
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Table 2: The values of for the various types of g. 
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Table 3: S 2 (V\) and A 2 (Va) in all classical cases where dim(VA) = dim(g); 
here the V\ are precisely the adjoint representations by |AEVj . 
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Table 4: S 2 (V\) and A 2 (Vx) in all classical cases where dim(VA) < dim(g). 
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Table 5: 5 2 (Va) and A 2 (V A ) for all representations V x of g = osp(l|2m) 
such that < dim(Vx) < dim(g). To avoid extra case distinctions we 
put fa — e± + • — h €i, i.e. ^ = Pi for i < m but /i m = 2f3 m . One has 
dim(V\) = dim($j) iff either A = 2/xi or m = 4, A = /i 3 . 
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